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Abstract
New nonlinear travelling wave solutions in isothermal square duct flow are discovered.
One of the solutions, which possesses mirror symmetry, is found by a continuation ap-
proach in parameter space, starting from the case in which the fluid is heated internally.
The Reynolds number for which the traveMng wave emerges is much smaller than that
of the solutions discovered recently by an analysis based on the self-sustaining process
(Wedin et al. 2009, Uhlmann et al. 2009). The new travelling wave solution is unstable
















$x_{*}$ $y_{*}$ , z
$*$
Boussinesq Figure 1: The configuration of
$b_{*}$ , $b_{*}^{2}/\nu_{*}$ , $\nu_{*}/b_{*}$ , the model with the basic flow in
$\nu_{*}^{2}/(g_{*}\alpha_{T*}b_{*}^{3})$ .grey scale at $Re=-3,000$ and
$u$ , $P$ , $T$ $Gr=23,000$ .
:
$\nabla\cdot u=0$ , (1)
$\partial_{t}u+(u\cdot\nabla)u=-\nabla P+Te_{x}+\nabla^{2}u$ , (2)




$Gr= \frac{g_{*}\alpha_{T*}q_{*}b_{*}^{5}}{2\nu_{*}^{2}\kappa_{*}}$ , (4)
Prandtl
$Pr= \frac{\nu}{\kappa_{*}}*$ , (5)
Joule $ZnC1$2
$ZnC1$2 20% $20^{o}C$ $Pr=8.7,40^{O}C$
$Pr=6.08$ (Generalis &Nagata 2003). $Pr=7$
:
$u=0,$ $T=0$ at $y=\pm landz=\pm 1$ . (6)
$x$ $2\pi/\alpha$
$x$ $u=U_{B}(y, z)e_{x},$ $P=P_{B}=-\chi x,$ $T=T_{B}(y, z)$
$\chi$ $(Gr=0, T_{B}\equiv 0)$ $U_{B}$iso $(y, z)$
Reynolds
$Re=U_{B}$iso $(0,0)= \frac{U_{Biso*}(0,0)b_{*}}{\nu_{*}}$ . (7)
Reynolds $\chi=3.3935Re$ (Tatsumi &Yoshimura
1990). Uhlmann &Nagata (2006) Reynolds $G$rashof
5 $M_{2}$ $(-7.69<Gr/Re<-5.75)$ figure
1 $(U_{B}(0,0)\leq 0)$







$S$ (mirror symmetry) $Z$
$S:(\begin{array}{l}uvw\theta\end{array})(\xi,y, z)arrow(\begin{array}{l}-vwu\theta\end{array})(\xi+\frac{\pi}{\alpha}, -y,z)$ , $Z:(\begin{array}{l}uvw\theta\end{array})(\xi,y,z)arrow(\begin{array}{l}uv-w\theta\end{array})(\xi,y, -z)$ . (8)
$\xi=x-ct$ Uhlmann &Nagata (2006)
S Z
shift-and-rotate symmetry $\Omega$
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Figure 2: (a)The path taken from the linear critical point of the internally heated duct flow
to the isothermal solution indicated by the arrows. The dashed curve represents the neutral
curve with $\alpha=1.0$ . The region $M_{2}$ is bounded by the two thin lines, $Gr/Re=-7.69$
and $-5.75$ . (b)The variation of $Re_{b}$ along the path with $Re=1,000$ in (a). Two closed
circles correspond to the isothermal solutions. The dotted line shows the laminar state, $Re_{b}=$
0.47704$Re+0.054480Gr$.
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Figure $4(a)$ $Re=1,500,$ $\alpha=1.0$ upper branch
(b) $z<0$ (figure 4(b)
)
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(4 4 ) Reynolds
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figure4(c) Pringle &Kerswell (2007)
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Figure 3: Comparison of the solutions. (a)The existence domains for the new travelling wave
solutions (solid curves) and WBN (dotted curves). (b)The skin friction against the bulk
Reynolds number. The current solution: solid curve and the WBN solution: dashed curve.
$(L, M, N)=(6,16,16)$ except for dots for the current solution where $(L, M, N)=(10,20,20)$ .
The laminar flow: dotted line. The experimental data by Jones (1976): thin dashed curve.






Figure 4: The visualization of the solution. (a)The iso-surfaces of the streamwise vorticity and
the streamwise velocity of the upper branch solution with $\alpha=1.0$ at $Re=1,500(Re_{b}=506)$ .
Black (dark grey) represents $+$70% (-70%) of the maximum vorticity and light grey represents
40% of the maximum velocity. (b) the close-up of (a). (c)The mean part of the disturbance
velocity of the lower branch solution with $\alpha=1.0$ at $Re=1,500(Re_{b}=664)$ . The velocities
on the y-z plane (arrows) and along the x-direction (grey scale).
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Figure 5: The growth rate, $\Re[\sigma]$ , of perturbations to the lower branch solution (left) and the
upper branch solution (right) with $\alpha=1.14$ . Solid$/dashed$ curves indicate that the growth
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Figure 6: (left)The growth rate, $\Re[\sigma]$ , of perturbations, which posses the symmetry $S$ , to
the lower branch solution with $\alpha=1.14.\cdot$ Solid$/dashed$ curves indicate the same as figure 5.
(right)The skin friction against the bulk Reynolds number. The mirror-symmetric solution
(Ml): solid curve. The S-symmetric solution (Sl): dashed curve. The laminar flow: dotted
line. The empirical formula by Jones (1976): thin dashed curve. The bifurcation points are
indicated by closed circles. The dots are same as figure 3(b).
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Figure 7: The domains of existence of the mirror-symmetric solution (solid) and those of the
S-symmetric solution (dashed). The closed circles indicate the bifurcation points.




Figure 8: The visualization of the S-symmetric solution with $\alpha=0.92,$ $Re=1,050,$ $Re_{b}=424$ .
(left)The mean part of the disturbance velocity. (right)The iso-surfaces of the streamwise
vorticity and the streamwise velocity. Black, grey and light grey indicate the same as figure
3(a).
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$\Omega 1$ figure 9 upper branch
$(Re_{b}=467)$ bulk Reynolds $\alpha=1.43,$ $Re=1272$
$Re_{b}=427$












Figure 9: (left)The growth rate, $\Re[\sigma]$ , of perturbations, which possess the symmetry $\Omega$ , to
the lower branch solution with $\alpha=1.14$ . Solid$/dashed$ curves indicate the same as figure





Figure 10: Same as figure 8 for the $\Omega$-symmetric solution with $\alpha=1.43,$ $Re=1,502,$ $Re_{b}=487$ .




Biau & Bottaro(2009) edge state
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